An effective-field theory is developed for a mixed Ising system, consisting of spin 1 and spin 3 2 with different anisotropies in a transverse field on a honeycomb (zϭ3) lattice. The general formula for determining the phase diagram of transition temperatures and tricritical points is derived and the temperature dependence of the total magnetization of the system is calculated. Some interesting phenomena, such as the appearance of two tricritical points and the existence of two compensation points in a ferrimagnet, are found and the physics beyond these phenomena are discussed in detail. The competition among the exchange coupling, the anisotropies, the transverse field, and the temperature has a profound effect on the characteristic of magnetic phases in the mixed-spin systems.
I. INTRODUCTION
Mixed-spin Ising systems provide simple but interesting models to study molecular magnetic materials that are considered to be possibly useful materials for magneto-optical recording. [1] [2] [3] The investigation of ferrimagnetism in these systems has rapidly become a very active research field, which is very important from the point of view of either fundamental research or technologies, since the ferrimagnetic order plays an important role in these materials. Most of these studies treated the mixed-spin Ising systems with spin 1 2 and spin S (SϾ 1 2 ) in a uniaxial crystal field or a transverse field. The systems have been discussed by the use of the exact method, 4 the Monte Carlo simulation, 5-7 the effective-field theory ͑EFT͒, [8] [9] [10] [11] [12] the high-temperature series expansion method, 13, 14 the method of combining the pair approximation with the discretized path integral representation, 15 and the renormalization-group technique. 16 Recently, attention has been directed to mixed-spin systems where both constituents have spin values larger than 1 2 . 17, 18 Various types of magnetic anisotropies have a profound effect on the characteristic of magnetic phases in the spin systems. An example is the anisotropy due to the crystal field, which affects the symmetries of the magnetic systems. In our recent paper, 19 the EFT was applied to the mixed spin-1 2 and spin-3 2 transverse Ising model, in which a single-ion anisotropy was considered. It was found that the tricritical behavior does not exist in that system. The EFT method, without introducing mathematical complexities, can include some effects of spin-spin correlations and provide results that are quite superior to those obtained by a normal mean-field theory. It has been applied successfully to various physical problems. As far as we know, however, the properties of the mixed spin-1 and spin-3 2 transverse Ising model with different single-ion anisotropies have not been examined in detail, owing to the difficulty that the eigenvalues of the Hamiltonian in this system cannot be given analytically. The purpose of this work is to find out whether there are tricritical points in the mixed spin-1 and spin-3 2 transverse Ising model with different crystal fields for a honeycomb lattice. The magnetic properties of the present systems are studied systematically. Some interesting phenomena, such as the appearance of two tricritical points and the existence of two compensation points in a ferrimagnet, are found.
The paper is organized as follows. In Sec. II, we introduce briefly the basic framework of the EFT theory 19, 20 and give the formulation for the mixed spin-1 and spin-3 2 transverse Ising model with different crystal fields for the honeycomb lattice. In Sec. III, the numerical results for the phase diagrams and the magnetization are studied in detail. Finally, we give the summary in Sec. IV.
II. FORMULATIONS
The Hamiltonian of the mixed spin-1 and spin-3 2 Ising model is given by with spin 1 and spin moments i z and i x at site i in sublattice A, spin 3 2 and spin moments S j z and S j x at site j in sublattice B, and where the first summation is carried out only over nearest-neighbor pairs of spins. J is the exchange interaction constant, and D A and D B are the crystal field interactions that come from the sublattices A and B, respectively. ⍀ represents the transverse field.
The starting point for the statistics of our spin system for any operator A i at site i is given by 21 ͗A i ͘ϭ ͳ
where T is the absolute temperature and k B is Boltzmann constant. Tr (i) denotes a partial trace for the site i. ͗¯͘ denotes the canonical ensemble average. For the derivation, let us separate the Hamiltonian ͑1͒ into two parts:
22 one ͑de-noted by H i ) includes all contributions associated with the site i, and the other ͑denoted by H i Ј) does not depend on the site i. Then, we rewrite the Hamiltonian at site i in the sublattice A in the following form:
͑3͒
where
where E i is the operator expressing the local field on the site i. Owing to the term of including the transverse field (⍀ i x )
in Hamiltonian H i , the terms H i and H i Ј do not commute with each other. In the 2 , z representation, the diagonalization of ϪH i becomes extremely complicated. The eigenvalues and eigenvectors of ϪH i cannot be expressed analytically, but can only be given numerically. Meanwhile, the Hamiltonian at site j in the sublattice B can also be rewritten as
Within the effective-field theory, the average sublattice magnetizations for the honeycomb lattice are given by 19, 20 
where ٌϭ‫ץ/ץ‬x is the differential operator, and q and are
The four functions F A (x), F B (x), G A (x), and G B (x) are defined as
Here, when E i ͑or E j ) is replaced by x, m , and n in Eqs. ͑13͒-͑16͒ are eigenvalues of ϪH i and ϪH j , respectively. m and n are eigenfunctions of ϪH i and ϪH j , respectively. It can be easily proved that functions F A (x) and F B (x) are odd functions, and G A (x) and G B (x) are even functions.
We use the fact that even functions of ٌ must be zero when operating to the odd function. [19] [20] [21] In this way, Eqs. ͑9͒-͑12͒ can be rewritten as
The coefficients A i (), B i (q), C i (), and D i (q) (iϭ1,2) can be easily calculated by applying a mathematical relation e ␣ٌ f (x)ϭ f (xϩ␣) as given in the Appendix. Then the average total magnetization per site is given by
The sublattice magnetization M a in the vicinity of transition point can be written as
The parameters a and b are obtained as follows:
The coefficients A i and
and D 1 ) with 0 (q 0 ). When aϭ1 and bϽ0 the transition is the second order; when aϭ1 and bϾ0 the transition is the first order; and the tricritical point at which the phase transition changes from the second order to the first order is determined by aϭ1 and bϭ0. [21] [22] [23] [24] [25] Further, it should also be noticed that the coefficients a and b are even functions of J. The physical consequence of this fact is that the critical behaviors are the same for the ferromagnetic (JϾ0) or ferrimagnetic (JϽ0) ground state. However, in the ferrimagnetic case, the signs of two sublattice magnetizations are different.
III. NUMERICAL RESULTS AND DISCUSSIONS
In this section, we show some typical results for the mixed spin-1 and spin-3 2 transverse Ising model with different crystal fields for the honeycomb lattice in the ground state. The phase diagrams of the systems can be determined by solving the two conditions (aϭ1 and bϽ0 for the second order transition, aϭ1 and bϭ0 for the tricritical point͒ numerically. In order to determine the first-order transition, one usually needs to calculate the free energy for two phases and to find a point of intersection. However, it is true that the first-order transition line is determined by aϭ1 and bϾ0, which is similar to the criterion of the Landau phase transition theory. The application of this method can be found in the literature. 21, [23] [24] [25] In Refs. 24 and 25 the general expressions for evaluating the second-order phase transition and the tricritical point are obtained by the use of effective-field theory with correlations. Their result for the tricritical point at which the system exhibits a first-order phase transition is in quite good agreement with those obtained by using the series expansion methods. In the remainder of this section, we shall represent our results in the following order: first, the ground states, as a function of the parameters; second, the temperature dependence of the magnetization; third, the behavior of T c , as a function of the parameters. Figure 1 shows the phase diagrams of the ground states of the system in the parametric (⍀/J,D A /J,D B /J) space, where the bold dotted curve is the positions of tricritical points. Each solid curve separates the parametric space into two regions: one is the ferromagnetic ͑or ferrimagnetic͒ phase that is located below the phase transition curve, and the other is for the paramagnetic phase above the phase transition curve. From numerical results, when D A /JϽϪ1.25, the tricritical points do exist in the system. When D A /J ϾϪ1.25 and the value of transverse magnetic field ⍀/J Ͻ0.75, the system is always in the ferromagnetic ͑or ferrimagnetic͒ phase, independent of the crystal field D B . Physically, this result comes from the fact that the sublattice B approaches the S j z ϭϮ 1 2 state and the sublattice A approaches the i z ϭ0 state, but the total magnetic order of the mixedspin system does exist.
A. The ground states
In Figs. 2͑a͒-2͑c͒ , the sublattice and total magnetization in the ground states are given for the mixed spin-1 and spin- This is due to the finding that the sublattice B approaches the S j z ϭϮ 1 2 state and the sublattice A approaches the i z ϭ0 state, but the total magnetic order of the mixed-spin system does exist. This result is consistent with the phase diagram of the ground states in Fig. 1 .
B. Temperature dependence of magnetizations
It is known that the role of the crystal fields and transverse field is important for magnetization of the Ising system. The temperature dependence of magnetizations in the mixed spin-1 and spin- It is seen that this result comes from the use of the approximate Van der Waerden identity for the high-spin system. 23 From Figs. 3͑b͒-3͑c͒, when D B /JрϪ1.6, the curves of the M b and total magnetization M have P-type behavior that usually can be observed only for a ferrimagnet. According to the Néel theory, the shape of the magnetization versus T curve can exhibit five characteristic features classified as the Q, P, N, L, and M types, 26 depending on the direction and magnitude of the respective sublattice magnetizations. A mean-field calculation based on a two-sublattice model also revealed that such ferrimagneticlike behavior could exist for a ferromagnet, due to the competition among the comparatively week exchange coupling and the opposite sublattice anisotropies. 27 In the present system, the existence of the ferrimagneticlike P-type curves is ascribed mainly to the competition between the effects of the exchange coupling, the sublattice anisotropies and temperature on the spin configurations in the system. The influence of the transverse field ⍀ can be seen from a comparison between Figs. 3͑c͒ and 3͑d͒. Figure 3͑c͒ Fig. 3͑d͒ . The role of the transverse field is to destroy the collinear spin configurations to create more noncollinear spin configurations at the ground state. It is thought that in a certain sense, the temperature has an effect similar to that of the transverse field, so that when the temperature is arisen, the magnetization curve labeled by D B /JϭϪ1.4 ͑or Ϫ1.6) in Fig. 3͑d͒ drops down ͑or rises up͒ fast to the value close to the magnetization M ϭ1.047 ͑or 0.825͒. However, the P-type ferrimagneticlike curve disappears in Fig. 3͑d͒ , since the transverse field alters the spin configurations at the whole temperature range, but the effect of the temperature becomes more pronounced only at intermediate/high temperatures.
The thermal variations of the total magnetization ͉M ͉ for the mixed-spin ferrimagnets with D A /JϭϪ0.5 and D B /J ϭϪ1.5 and ⍀/Jϭ0, 0.05, 0.1, 0.5 are shown in Fig. 4 . The two compensation points exist when the value of transverse field is ⍀/Jϭ0.05. In an N-type ferrimagnet, there is the existence of a finite compensation temperature at which the total magnetization vanishes below the transition tempera- ture. As far as we know, it is noted in the standard textbooks on magnetism 28 that only one compensation point may exist in a ferrimagnetic material. However, very recently, Ohkoshi et al. 29 reported that the molecular based ferrimagnets
show two compensation points. Kaneyoshi also discussed extensively the possibility of two compensation points in ferrimagnets including the molecular-based magnets. 30 Our calculation results show that two compensation points could possibly occur indeed in the ferrimagnetic materials, depending on the competition among the exchange coupling, the anisotropies, and the transverse field and also on the magnetization of the sublattices.
C. Transition temperatures
In this section, we show results for the phase diagrams of the present systems. Figures 5͑a͒ and 5͑b͒ At a certain value of the crystal fields, the transverse field makes the transition temperature decrease. The results also indicate that applying the transverse magnetic field can control the transition temperatures and the tricritical points of the system. From our calculation, we note that for D B /J→ ϩϱ when the spin 3 2 behaves like a two-level system with framework of the effective-field theory with correlations, two tricritical points could be detected in the mixed spin-1 and spin- 3 2 Ising system on a honeycomb lattice, which result from different anisotropies. From the previous work, 17, 32 one of the two tricritical points is stable, whereas another is unstable. For the difference between the unstable and stable tricritical points, readers should refer to the detailed investigations on this topic in Refs. 17 For the accuracy of the EFT and the limitations of the method, we think that the accuracy of the EFT must be better than the normal mean-field theory. The EFT is still within the framework of the mean-field theory. The mean-field theory usually gives incorrect results of the critical exponents when one studies the critical behaviors at the critical points. However, it is a fact that the mean-field theory is good enough to give the exact values for the critical points, the magnetization far from the critical points, etc. In the present work, we do not investigate the critical exponents. Thus the problems of the accuracy of the EFT and the limitations of the method do not affect the correctness of the results of the present work.
IV. CONCLUSIONS
In this work, we have studied the phase diagrams and magnetizations of the mixed spin-1 and spin-3 2 transverse Ising model with the presence of the crystal fields on the honeycomb lattice by the use of the effective-field theory. We have examined the critical properties of the system numerically by solving the equations given in Sec. II. The transition temperature determined from Eqs. ͑23͒ and ͑24͒ is independent of the sign of J and thus the relation is valid for both ferromagnetic (JϾ0) and ferrimagnetic (JϽ0) cases. The magnetic properties of the ground states for the system have been studied. We have also discussed in detail the influence of the transverse field and the crystal fields on the transition temperatures and magnetizations. A number of interesting phenomena, originating from the competition between the transverse field and the crystal field, have been found. The system can exhibit two tricritical points when the anisotropy of one of the sublattices is varied at fixed values of the anisotropy of another sublattice and transverse field. The mixed-spin ferromagnetic system with the presence of the transverse and crystal fields can show a P-type ferrimagneticlike temperature dependence of magnetization, which exists usually only in a ferrimagnet. The mixed-spin ferrimagnetic system with the presence of the transverse and crystal fields can exhibit two compensation points, which is not predicted in the Néel theory of ferrimagnetism. However, these results are obtained within the framework of the EFT. It is necessary to indicate that these results must be subjected to further tests by more adequate techniques such as Monte Carlo numerical simulations or renormalization techniques.
On the other hand, according to the EFT, the Hamiltonian can be separated into two parts (HϭH i( j) ϩH i( j) Ј ). One (H i( j) ) includes all parts of H associated with the site i ( j), which do not commute with H, so the eigenvalues of ϪH i( j) cannot be given analytically, but can only be given numerically. This method can also be extended for studying other more complicated mixed transverse Ising mode with crystal fields.
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APPENDIX
We have 
